We propose several procedures for creating new families of integer sequences based on the method of Cantor diagonalization. Then we modify and generalize this method. The paper includes explicit formulas for most proposed families of integer sequences.
Introduction
There are well-known transformations of the integer sequences [1], [2] , [3] . Let A be the set of integer sequences. We construct an array Ω : {w(i, j)}, in which each column is an element of A. We define the sequence ω(n) ∈ A as the list of the elements of the array Ω in the Cantor anti-diagonal order [4] . All sequences in the paper are numbered starting from 1. New sequence starts with: ω(1) = w(1, 1), ω(2) = w(1, 2), ω(3) = w(2, 1), ω(4) = w(1, 3), ω(5) = w(2, 2), ω(6) = w(3, 1), . . . The sequence ω is a triangular array read by rows: row number k contains k elements. From [4] , [5] the formula for calculating n is:
The property of (1) is that rearranging i, j we get the list of elements of the array Ω in the Cantor diagonal order. The formula (1) is obtained by simple transformation of the classical formula:
The characteristic of (2) is that the enumeration starts from pair x = 0, y = 0 to z = 0.
Using C. Kimberling formula from A002260, we get inverse functions for (1):
where t = ⌊ √ 8n − 7 − 1 2 ⌋.
Throughout the paper, sequences will be referred to by their Annnnnn numbers, as found in the On-Line Encyclopedia of Integer Sequences [6] .
We denote the set of integers numbers Z, the set of the integer nonnegative numbers Z * , and the set of the integer positive numbers Z + .
Transformation of a Single Sequence

Replication
Example 2.1.1 Let α ∈ A: a 1 , a 2 , a 3 , ... We form the array Ω replicating the column α. It follows that w(i, j) = a i for any j:
and ω(n) is formed as:
The resulting ω is a fractal sequence [7] .
Definition 1. A sequence β is called a reluctant sequence of sequence α, if β is triangle array read by rows: row number k coincides with first k elements of the sequence α.
Some of reluctant sequences are presented in OEIS A002260, A002262, A037126, A059268, A215026.
Formula for a reluctant sequence is:
Example 2.1. 2 We apply the procedure of replication to the sequence ω from Example 2.1.1. Using double replication, we obtain ω ′ , wich is a reluctant sequence of the sequence ω :
2 , where
Example 2.1. 3 We form the array Ω replicating the row α, so w(i, j) = a j for any i. The array ω(n) is the transposition of the array from Example 2.1.1:
Definition 2.
A sequence β is called a reverse reluctant sequence of sequence α, if β is a triangle array read by rows: row number k lists first k elements of the sequence α in reverse order.
There are some examples of reverse reluctant sequences -A004736, A025581, A104762, A104887, A130321.
Formula for a reverse reluctant sequence is:
Self-composition
Let α ∈ A: a 1 , a 2 , a 3 , ... We will assume in this section a(n) ∈ Z + for any n. The first column of the array Ω is the sequence α: a(n), the second column is a a(n) , the third column is a a a(n) , and so on. Using another notation,
We get new sequence ω(n): a 1 , a a1 , a 2 , a aa 1 , a a2 , a 3 , ...
Suppose a(n) is the sequence of prime numbers, then the first column of Ω is the sequence A000040, the second colum of Ω is the sequence A006450. 
Function Acting on an Index
Let sequence α ∈ A and function f :
We create the array Ω:
Example 2.3.1 Let the first column of the the array Ω be the sequence α: a 1 , a 2 , a 3 , ... Every next column is formed from previous shifted by k ∈ Z * elements. We get f (i, j) = i + kj − k. The start of the sequence ω is: a 1 , a k+1 , a 2 , a 2k+1 , a k+2 , a 3 , a 3k+1 , a 2k+2 , a k+3 , a 4 , ...
The sequence is the generalization of A002260 (k=0), A002024 (k=1), A128076 (k=2), A131914 (k=3).
Using rearranging i and j in the formula f (i, j) = ki + j − k, we obtain the array Ω, in which the first row is α, every next row is formed from previous shifted by k elements.
The sequence is the generalization of A002024 (k=1), A204004 (k=2), A204008 (k=3).
Example 2.3.3
Let α ∈ A: a 1 , a 2 , a 3 , ..., and k ∈ Z + . The first column of the array Ω is the sequence α, in all columns with number j (j > 1) the segment of the sequence α with the length of j − 1: < a k+j−2 , a k+j−3 , ..., a k > shifts the sequence a 1 , a 2 , a 3 , .... Therefore
The start of the sequence ω is:
The sequence is the generalization of A143182 (k=2).
Transformation of a Pair of Sequences
We form the array Ω from two sequences α, β ∈ A, α : a 1 , a 2 , a 3 , ...,
We define the array Ω as
Using formulas for reluctant sequence and reverse reluctant sequence we get:
We denote ω = C(α, β, F ).
Example 3.1 Let w(i, j) = a i * b j , p and q are primes, α is the sequence p 1 , p 2 , p 3 , ..., β is the sequence q 1 , q 2 , q 3 , ... so ω(n) are numbers of the form p i q j . The sequence is the development of A036561.
are numbers that can be represented as the sum of the k-th powers of elements of sequences α and β.
Example 3.3
We apply the transformation of a pair of sequences for enumeration n-tuple [8] . We denote concatenation of two integer positive numbers as + +. For example 12+ +345 = 12345. Function F is concatenation: 
We construct the array Ω:
Taking into account the formula from Example 2.1.3, we obtain the number of sequence r:
The array Ω is replication of "a braid" from l sequences: f (i, j) = i and s(i, j) = 1+Mod(i + j − 2, l).
The start of the sequence ω for l = 3 is: a 
Taking into account the formula from Example 2.3.2 at k = 1, we get the number of sequence r: 
f (i, j) is the special case Example 2.3.3 at k = 1.
The start of the sequence ω for l = 3 is a 
Formula for number of sequence r is:
Other Pairing Functions
So far we were using the classical Cantor anti-diagonal order. Next, we define several pairing functions Z + × Z + → Z + .
Diagonal Enumeration
We denote < w 1 , j ; w 2 , (j−1) ; ... w j , 1 > a diagonal of the array Ω. Any permutation elements of the diagonal is the enumeration of the array Ω.
Example 5.1.1 We form the permutation so that neighboring diagonals traverse in opposite directions. Such sequences were presented previously without explicit formulas [9] , A056023, A056011.
Obviously i + j is constant for all elements of the diagonal. We do not change the order of the list for an odd i + j. We reverse the diagonal for an even i + j:
The result of the enumeration of the array (4) We denote by k = ⌊ j + 1 2 ⌋. We form the permutation as a symmetrical movement from center to edges:
The result of the enumeration of the array (4) We denote by k = ⌊ j + 1 2 ⌋. We form the permutation as a symmetrical movement from edges to center: < w 1 , j ; w j , 1 ; w 2 , (j−1) ; w (j−1) , 2 ; ... w k , k > for odd j, < w 1 , j ; w j , 1 ; w 2 , (j−1) ; w (j−1) , 2 ; ... w (k−1) , (k+1) ; w (k+1) , (k−1) > for even j. Such sequences were presented previously without explicit formulas A064578, A194982.
The result of the enumeration of the array (4) 4 We form the permutation as an asymmetrical movement from edges to center and inversely. Neighboring diagonals traverse in opposite directions:
The result of the enumeration of the array (4) 
Angle Enumeration
We consider squares of the array Ω with vertices w(1, 1), w(1, i), w(i, i), w(i, 1). We list the array Ω according to the sides of squares from w(1, i) to w(i, i), then from w(i, i) to w(i, 1). The numeration was presented previously as A060734, A060736:
The sequence ω is a triangle array read by rows: row number k contains 2k − 1 elements.
Using the angle numeration to the array (4) 
where t = ⌊ √ n − 1⌋ + 1.
Example 5.2.1
Using the angle numeration to the array from Example 2.3.1, we get:
Example 5.2.2
Using the angle numeration to the array from Example 2.3.2, we have: a 1 , a k+1 , a k+2 , a k+1 , a 2k+1 , a 2k+2 , a 2k+3 , a 2k+2 , a 2k+1 , a 3k+1 , a 3k+2 , a 3k+3 , a 3k+4 , a 3k+3 , a 3k+2 , a 3k+1 , ...
Example 5.2.3
Using the angle numeration to the array from Example 2.3.3, we obtain:
The sequence is the generalization of A004739 (k=1), A004738 (k=2).
Astudillo formula from A079813, we have formula for v.
Example 5.2.4
Stein proposed the boustrophedonic ("ox-plowing") option, "although without giving explicit formula" [5] . Natural numbers are placed "by taking clockwise and counter-clockwise turns" of A081344. The formula is below:
The result of the enumeration the array (4) The property of "ox-plowing" is: if t = ⌊ √ n − 1⌋ + 1 is even, i, j are computed by (5), otherwise i, j are reversed. Therefore we have formulas for the inverse functions: i=Mod(t; 2)min{t; t 2 − n + 1} + Mod(t + 1; 2)min{t; n − (t − 1) 2 }. j=Mod(t; 2)min{t; n − (t − 1) 2 }+Mod(t + 1; 2)min{t; t 2 − n + 1},
Generalization of Cantor diagonalization
The Cantor diagonalization assumes numeration by cells 1x1. We consider the cover of the array Ω by rectangles variable length l m and height h m ; l m , h m ∈ Z + . The upper right corner is covered by rectangle l 1 * h 1 , right to it the rectangle l 2 * h 1 adjoins, below it the rectangle l 1 * h 2 adjoins, and so on. Rectangles with the length l s are placed in the column, rectangles with the height h r are placed in the row. Numeration within all rectangles is row by row, starting from first. The rectangle containing the number w(i, j) is called current.
We define R=max{r : Parameter n contains four components:
• the number of cells in the stair-step triangle with cathetus (R + S) is • the number of cells inside R rectangles, lying above the diagonal passing through the current rectangle is R r=1 h r l R+S+2−r .
• the number of the row inside current rectangle before w(i, j) is i− R r=1 h r −1.
• the number of the column w(i, j) inside current rectangle is j − S s=1 l s .
If the numeration within rectangles is column by column starting from first, formula (6) takes the following form:
we get the number of the rectangle. Thus we obtain the formula for numeration within the rectangles row by row or column by column, depending on the parity of t:
h r .
Suppose t = R + S; then the above formula is the numeration within the rectangles, depending on the parity of the number of diagonal, formed by the rectangles l s * h r . Let the sequences l m , h m be constants: l m = l, h m = h for all m. The example l = 2, h = 2 was presented previously without explicit formulas [9] . Using (6), we obviously get: n = lh 2 ((R + S) 2 + 3R + S) + l(i − hR − S − 1) + j.
Formulas for R and S take the following form:
Example 6.2
We apply the enumeration for rectangles with the length of 3 and the height of 2, and the numeration row by row inside it to the array (4 
Transformation of Sequences as Superposition of Pairing Functions
Let f, g be pairing functions Z + × Z + → Z + , f = g. We denote the inverse functions to f by (f 
